ON CHARACTERISTIC INTEGRALS OF TODA FIELD 

THEORIES 



ZHAOHU NIE 



Abstract. Characteristic integrals of Toda field theories associated to simple 
Lie algebras are presented in the most explicit forms, both in terms of the 
formulas and in terms of the proofs. 



1. Introduction 

First consider the famous Liouville equation, for which we take the following 
version: 

(1.1) u xy = -e 2u , 

where x and y are the independent variables, and u = u(x, y) is an unknown 
function. Let 

(1.2) I = u xx -u 2 x . 

Then I y — -j^I = for a solution u(x,y) to (|1.1[) . I is thus called a characteristic 
integral of (|1.1|) . 

Toda field theories are generalizations of the Liouville equation (11.11) . Let g be a 
simple Lie algebra of rank n with Cartan matrix A = (ay)?i=i- For 1 < i < let 
u 1 = u l (x,y) be n unknown functions of the independent variables x and y. The 
Toda field theory associated to g is 

^2 Ot 3 < 

4=1 

The Liouville equation (|1.1[) is the Toda field theory associated to A\ = s^. 

Toda field theories are important integrable systems and have rich properties. 
(For surveys on them, see for example BBT03 ( LS92 .) In this paper, we are 
concerned with the explicit forms of their characteristic integrals. 

Definition 1.4. A differential polynomial in the u l (x,y) for 1 < i < n is a poly- 
nomial in the u 1 and their partial derivatives with respect to x of various orders 

A characteristic integral of the Toda field theory (jl.3p is a differential polynomial 
I in the u l (x, y) for 1 < i < n such that I y = for solutions u l (x, y) to (|1.3[) . 

By the symmetry between x and y in Toda field theories (|1.3p . there are differ- 
ential polynomials / in the u % and their y-partial derivatives such that I x = but 
they follow the same patterns as those in the above definition. For simplicity, we 
sometimes write d for d x . 



(1.3) u 1 = —e Pi := — exp > a^u 3 1 , 1 < i < n 
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For a differential mononomial in the u 1 , we call by its degree the sum of the orders 
of differentiation multiplied by the corresponding algebraic degrees for the factors. 
Therefore the I in (|1.2j) has homogeneous degree 2. Since a differential polynomial 
of some characteristic integrals is another such integral, the characteristic integrals 
form a differential algebra. The structure theorem (see for example [FF951 The- 
orem 1] for the afHne version) asserts that it is a polynomial differential algebra 
generated by n primitive characteristic integrals. Furthermore these generators are 
homogeneous and their degrees are equal to the degrees of the Lie algebra g. Recall 
that the algebra of adjoint-invariant functions on g is a polynomial algebra on n 
homogenous generator s, whose degrees we call the degrees of q |Kos59j . 

Many works |Lez851lBFO+90llFOR+ 921 are devoted to the characteristic inte- 



grals, very often under different names such as local conservation laws, chiral cur- 
rents or intermediate integrals and from different viewpoints. Furthermore many 
works |LS89,HO96,ZS01, AFV09 are concerned with using these characteristic in- 
tegrals to obtain explicit solutions to the original Toda field theories (|1.3p by the 
method of Darboux. 

However to this author, the results about characteristic integrals for Toda field 
theories (|1.3j) are not explicit enough, in terms of both the formulas and the proofs. 
Therefore we would like to present the concrete formulas to compute the primitive 
characteristic integrals together with new and self-contained proofs. 

Our general formula in Theorem 1 1 . 1 01 employes the zero curvature representation 
[LS79j of the Toda field theories under a Drinfeld-Sokolov gauge [DS84j . When 
the Lie algebra has a non-branching representation (see (|1.12j) ). we present a more 
concrete formula in Theorem 1 1.1 31 We stress that in both cases, we prove that we 
obtain characteristic integrals directly. 

Let us introduce more terminology before we present our main results. Let f) G 
be a Cartan subalgebra, and we denote the corresponding set of roots of by A, 
the sets of positive/negative roots by A±, and the set of positive simple roots by 
7r = Let g = f) © © ag A 9a be the root space decomposition. 

For a root a, define its height by ht(a) = Xa=i c$ if a = c i a i- Also define 

the standard height gradation 

(1-5) = @0fc, 0fe = 0«, 0o = fi- 

fe ht(a) = fc 

We also denote by n = q£ a + 0" = ©fc>o 0*; tne maxrma l nilpotent subalgebra, 
and by N the corresponding unipotent group. 

For a G A + , let e a and e- a be root vectors in the root spaces Q and 0_ Q 
such that for H a = [e Q ,e_ Q ] G f), we have a(H a ) = 2. Then the Cartan matrix 
A = ( a ij)lj=i 01 is defined by a l} = eti(H aj ). 

Let us recall the zero curvature representation of ()1.3[) following [LS79 . Let 

n n n 

(1.6) u = J2<H az , e = ^e_ ai , y = ^e«e ai , 

i—l i— 1 i— 1 

where as in (|1.3[) pi = Y^j=i a ij u ^ ■ Then the Toda field theory (| 1 . 3|) is equivalent 
to the following zero curvature equation 

(1.7) [-^ + 6 + 11,^ + ^ = 0. 
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Now let us recall the definition of a Kostant slice s C g [Kos63j , which is used in 
a Drinfcld-Sokolov gauge |DS84I . Let s be a complement of [e,g] in g, that is, 

(1.8) =s©[e, fl ]. 

Then by |Kos63j . sen, and dim(s) = n is equal to the rank. We call s a Kostant 
slice, and let {sj}" =1 be a homogeneous basis of s with respect to the height gra- 
dation (p~75|) . 

By [DS84] , we can bring the first element in (jTTTJ) into its Drinfcld-Sokolov gauge. 
More precisely, there exists an element g € N (whose components are differential 
polynomials of the u l ) such that 

n 

(1.9) g- 1 (~d x + e + u)g = -d x + e + l 1 I = ^/ jSj e5, 

3=1 

where the components Ij are differential polynomials of the u l . 

Theorem 1.10. For the solutions u l to (|1.3I) . the differential polynomials Ij for 1 < 
j < n defined in (jl.9l) through a Drinfeld-Sokolov gauge are primitive characteristic 
integrals, that is, d y Ij = 0. 

The calculations of g £ N and the Ij in (| 1 .9[) can be done by an inductive 
formula given in [DS84 . In practice, a computer software such as Maple solves it 
easily in simple cases. Furthermore very often there are more direct formulas for 
the characteristic integrals as we explain now. 

Take an irreducible representation <fi : g — > End V. Let the G f)* for 1 < k < m 
be the weights of (f>, and 

m 

(1-11) ^ = 0%> 

k=l 

the weight space decomposition. We assume that dimV^ fc = 1 and also that the 
representation </> does not branch. That is, for each weight /3fc there is one unique 
negative simple root —on k such that — a J( . is another weight of </>. Order our 
weights such that /?fc+i = (3k — c*i k for 1 < k < m — 1 and we draw the following 
weight diagram 

(1.12) (3 m •■• ^ (3 2 <— 1 ft. 

Such non-branching representations are the cases for the first fundamental repre- 
sentations of the Lie algebras A n , B n , C n and g2- 

Theorem 1.13. // a non-branching representation </> as above exists with weight 
diagram (|1.12l) . i/ie« we have 

(1.14) [(5-ft(u))(5-/3 2 (u))---(a- ( m (u)),a j/ ]=O, 

/or a u (jl.6l) satisfying (jl.7p or equivalently the Toda filed theory (jl.3|) . iJere 
d = d x , and the product is in the sense of composition for operators on functions 
of x and y. The product is non-commutative, and we strictly follow the order. If 
by the Leibniz rule, we expand 

m 

(d - /3i(u))(5 - /3 2 (u)) • • • (d - (3 m (u)) = d m +^1^, 

3 = 1 
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then (|1.14j) implies that 

(1.15) d y lj=0, l<j<m. 

We will prove the theorems in the next section. We present examples of Theorem 
11.131 in Section 3, and an example of Theorem II. 101 in Section 4. 

Acknowledgment. The author thanks Ian Anderson for introducing this topic to 
him. He thanks Anderson and Pawel Nurowski for helps with Maple. He also thanks 
Laszlo Feher and Luen-Chau Li for their interests and useful correspondences. 

2. Proofs of the theorems 

We present direct proofs of our theorems in this section. 

Proof of Theorem \1.1(A Suppose that for the g e N in (11.91) , we have 

g-\d v +Y)g = d v + Y. 

Since g 6 N and Y £ gi by (|1.6|) . we have yen. Suppose Y — Y%=i ^ by the 
height decomposition (ll.5[) . where p is the biggest height of g. 

By the invariance of the zero-curvature equation (jl.7l) under the adjoint action, 
from (|1.9p we get 



(2.1) 



= 0. 



- d x + e + Y^IjS^dy + ^Yi 

3 = 1 »=1 " 

We will prove by induction that all the Y = 0. This then implies that d y Ij = 
for 1 < j < n. 

First recall the basic result of Kostant |Kos59) that ker(ad e ) D (f) © n) = 0. The 
term on the left of (|2.1[) with height zero is [e, Y\\ = 0, which then implies that 
Yi = 0. 

Now assume i > 2 and that Yj = for j < Then since the Sj en, the term 

on the left of (|2.ip with height i — 1 is 

[e,Y]- J2 (^) s i=°- 

ht(sj) — z — 1 

By the decomposition (jl.8p . we get [e, Y] = which then implies that Y = 0. □ 

Proof of Theorem ] 1.131 In the weight decomposition we let vp 1 e Vp x be a 

weight vector for the highest weight, and inductively we define the other weight 
vectors by vp k = 0(e_ a . )vp k _ 1 for 2 < k < m by ([ITT2"]) . Therefore by (JTHJ) 

(2.2) 0(e>fc_ 1 =%, 2</c<m. 

The zero curvature equation is the compatibility condition for the following sys- 
tem of equations. Let ip(x,y) = Y] k _ i 4'k(x 1 y)vp k be a function of a; and y with 
values in Y. Then Q1.7P implies that the following system of equations has solutions 



(2.3) 



(-d x + 0(u + e))V> = 
+ 0(Y))^ - 0. 



Then by (|2.2I) and u e f) (|1.6[) . the first equation, at the weight vector vp k , means 
that 

(2.4) (d x -[3 k (u))i) k =ipk-i, 2<fc<m. 
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When k = 1, we actually have 

(0*-/3i(u))Vi =0. 
since /3i is the highest weight. Therefore combining them, we have 

(d - Pi(u))(d - /3 2 (u)) • • • (9 - /3 m (u))^ m = 0. 

On the other hand, the second equation in (|2.3j) . at the lowest weight vector vp m , 
quickly gives that 

dytpm = 0. 

Therefore the above two equations have a solution tp m = ip m (x, y), which is general. 
The implied compatibility condition is exactly p. 14)1 . The rest of the theorem is 
clear. □ 



3. Examples for Theorem II. 131 



Non-branching representations (11.121) occur for the first fundamental representa- 
tions of the Lie algebras A n , B n , C n and Q2- Keeping our spirit of being as explicit 
as possible, we present the formulas in these cases. In this section we follow [FH91 
for notation and choices of root vectors. The Cartan subalgebras f) always con- 
sist of diagonal matrices. We let Li £ f)* denote the linear function of taking the 
ith element on the diagonal. We also let Ejj denote the matrix with a 1 at the 
(i, j)-position and zero everywhere else. 

Example 3.1 (A n ). The simple roots for A n are on = L t — Lj+i and the H ai = 
Ei^i — £^-+1 i+i, 1 < i < n. The Cartan matrix is 



(2 1 

-1 2 -1 



\ 



V 



-1 2 -1 
-1 2/ 



The degrees of A n (that is, the degrees of primitive adjoint-invariant functions) are 
2,3,-- - , n + 1. The weight diagram for the first fundamental representation is 

r 7 Q " T a ' 2 T T ai T 

< ' ■ ' < Li% < L>\- 

The u in p.6[) is 

u = Diag(u^,ti^ - ul, ■ ■ ■ ,v% - < _1 , -<) 
Corollary 3.2. Consider the expansion 

(d u i)(d + u i-u 2 x )---(d+ ur 1 - o{d + o 



(3.3) 



d n+1 +J2ljd n - 



Then the Ij for 1 < j < n are primitive characteristic integrals of the A n Toda 
field theory ()1.3)1 . 
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Example 3.4 (C„, n > 2). The simple roots for C n are on = Li — Li+i for 1 < i < 
n — 1 and a„ = 2L„. Also if Qi = Ei t i — £"2+1,1+1 — E n +i, n +i + -EVi+j+i^+i+i for 
1 < i < n — 1 and H an = E n , n — Em^n- The Cartan matrix is 

(2 -1 \ 

-1 2 -1 



-1 2 -1 
V -2 2/ 

The degrees of C„ are 2, 4, ■ ■ • , 2n. The weight diagram for the first fundamental 
representation is 

-01 -a„_i -a„ r -an-i -a 2 r — e»i r 
— Ivl < • ■ • < — L„ < iv n i ■ • • < L12 < L*x. 

The u in (TBJ is 

u = Diag(t4, u 2 . - *4, • • • , u% - <"\ -u*, -u\ + t^, • • • , -< + w^T 1 ). 
Corollary 3.5. Consider the expansion 

{d-ul){d + ul-ul)---{d + u n x - l -ul) 

(a + <-<- 1 )---(a + ^_ M i)( 9 + M i) 



(3.6) 



n-l 



T/ien the Ij for 1 < j < n are primitive characteristic integrals of the C n Toda 
field theory, and the Jj are some differential polynomials in them. 

Example 3.7 (B ni n > 2). The simple roots for B n are a, = L; — £j+i for 1 < i < 
n — 1 and a n = L n , Also lf a( = JSj^ — £7j+i,i+i — E n+i , n+i + E n+i+ i tn+i+1 for 
1 < i < n — 1 and i? Qjl = 2E n , n — 2Ei n ,2n- The Cartan matrix is 

/2 -1 \ 

-1 2 -1 



-1 2 -2 
V -12/ 

The degrees of B n are 2, 4, • ■ • , 2n. The weight diagram for the first fundamental 
representation is 

(3.8) -U ^ .-. ^ -L n ^0^L n ^ ... +^ L 2 +^ Li. 

The u in (TT6]) is 

u = Diag(?4, u\ - ul, ■ ■ ■ ,2ul-u1- l ,-u l x ,-ul + u l x ,--- ,-2< + <" 1 ,0). 
Corollary 3.9. Consider the expansion 

(8 - ul)(d + ul - ul) ■ ■ ■ (d + - 2<) 
d(d + 2u n x - u;- 1 ) • • • (5 + u% - ul)(d + ul) 



(3.10) 



d 2n+i + ^ l 3 d 2n - 2 > +1 + J 3 d 2n ^. 
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Then the Ij for 1 < j < n are primitive characteristic integrals of the B n Toda 
field theory, and the Jj are some differential polynomials in them. 

Example 3.11 (02)- The Cartan matrix is 

2 -1 
-3 2 

For simplicity we call the unknown functions u , u by u and v. The Toda system 
is 

v xy = - e ~ 3u + 2v 

Although we can work abstractly with just the above Cartan matrix, we choose 
to use the embedding of 02 C SO7 = B 3 such that the two roots are 

ct\ = Li — L 2 , a 2 ■— L 2 - L 3 . 

and 

H ai =Diag(l,-l,2,-l,l,-2,0) 
H a2 =Diag(0, 1,-1, 0,-1, 1,0). 

The u in (T6]) is 

u = Diag(?i 2; , -u x + v x , 2u x - v x , -U x , u x - v x , ~2u x + v x ,0). 

The first fundamental representation of 02 is the restriction of that of B 3 . There- 
fore we follow the weight diagram (|3.8p . The degrees of 02 are 2 and 6. 

Corollary 3.12. Consider the expansion 

(d - u x )(d + u x - v x )(d - 2u x + v x ) 

d(d + 2u x - v x )(d -u x + v x )(d + u x ) 
(3.13) 3 

= d 7 + hd 5 +I 2 d + J2 J o9 5 ~ j + J 4- 

Then the 1\ and I 2 are primitive characteristic integrals of the g 2 Toda field theory, 
and the Jj are some differential polynomials in them. 

We actually list the results easily computed by a computer. Also for simplicity, 
we use the notation u± = u x , u 2 = u xx , 113 = u xxx and so on. The results are 

I\ = 6 u 2 + 2 v 2 — 6 mi 2 + 6 uivi — 2 vi 2 , 

I 2 = 5 uq + vq + 98 u 2 v 2 viUi — V4U1 2 — vaV\ 2 — v\ A u\ 2 + 21 V4U 2 + 30 v 3 u 3 
+ 3 U1U5 + 5 v^ui — IOU5U1 — 17^4^2 + 19 W2U4 — 2 v$vi — 23 U4U1 2 

— 7 v 4 v 2 - 7 vi 2 u i + 46 U3U1 3 - 23 v 3 ux 3 - 3 vx 3 u 3 + 2 v 3 vi 3 + 28 w 2 2 ui 2 

+ 114u 2 2 ui 2 + 6v 2 2 vi 2 + 2vi 4 u 2 - 13ui 2 ui 4 - 10v 2 2 u 2 + 46v 2 u 2 2 + \lv 2 u 2 

— 2v 2 u\ A + 12u 2 u\ A + 12v\Ui 5 + 6vi 3 ui 3 + 27 U4V1U1 + 63u 3 viu 2 

— 21 v 2 Viu 3 — 90 U2 2 ^iUi + 29 v 3 v i^i 2 — 11 v 3 Vi 2 Ui — 22 v 2 2 viUi — 126 u 3 u 2 Ui 

— 6 v 3 v 2 vi + 16 v 2 v\Ui 3 — v 3 v 2 u\ + 23 v 3 u 2 ui — 18 u 2 v± 3 ui — 122 u 2 v 2 u\ 2 

+ 21u 3 v\ u\ — 1Qv 2 vi Mi + 42 u 3 v 2 u\ — 57 u 3 v\U\ + b0u 2 vi ui — 48u2WiUi 
+ 4 W2fi zti — 22 W2W1 u 2 — v^viui — 12 v 3 v\u 2 — 10 U3 — 5 1*3 — ^2u 2 



s 
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-2u 2 3 -4mi 6 
The other terms are 

J\ = § Il,x 

J2 = 3 Ii tXX + j I\ 2 

^3 = 2 Il^xxx + 4 Ii ' 

^4 — 2 ^2,cc 4 Il.xxxxx g -^l.a; ' Il.xx g -^1 Il.xxx 

4. An example of Theorem II. 101 

It can be said that Theorem 11.131 is a quick way to compute a Drinfeld-Sokolov 
gauge p.9[) when there is a non-branching representation, and this is the viewpoint 
in |BFO + 90| . When such a simple representation does not exist, a Drinfeld-Sokolov 
gauge can still be computed through an inductive procedure (see TJS84,FOR + 92|). 
In the particular case of D n , where an explicit matrix presentation of the Lie algebra 
is easy to write down, one can use a computer algebra system like Maple to solve 
a Drinfeld-Sokolov gauge easily and therefore obtain the characteristic integrals. 

In the following example, we will show how this works for D4. First recall that 
the Cartan matrix of D n is 

(2 -1 \ 

-1 2 -1 



-1 2 -1 -1 
-1 2 

V -12/ 

and its first fundamental representation branches with the following weight diagram 
(4.1) 




Therefore Theorem 11.131 can not be applied to the Lie algebras D n , nor to F4 or 
the £"s. 

Example 4.2 (D4). For simplicity, we write u,v,w,z for the unknown functions 
u 1 , ■ ■ ■ , u 4 . The Toda field theory (O for £> 4 is 



_ _ — u+2v — w — z 
u xy c 

w X y = -e- v+2w 

~ _ v+2z 
k ^xy — c 

The degrees of D4 are 2, 4, 4, 6, with the Pfafhan, the square root of the deter- 
minant, being an extra adjoint-invariant function of degree 4. 
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In this example, we use the convention that the non-degenerate symmetric ma- 
trix preserved by the orthogonal matrices in SO(8) is the anti-diagonal matrix 
(Si.g-j)i j = i- Then the matrices in D4 = so% are skew-symmetric with respect to 
the anti-diagonal. Using u\ = u x and so on, the e + u from (|1.6[) is 



1 



Vi — Ui 

1 Zl + Wx 

1 
1 



Zl — Wl 



-Zl + Wl 
-1 



-Zl 



V 

We choose our slice in (|1.9p to be 



- Wl 

-1 



Vl 



—Vl + Ml 

-1 



h 
h 


-1 



V 



h 
-II 



-1 



h 
-h 





-h 

-h 

J 



A unipotent orthogonal matrix B e ^Vso(8) is an upper-triangular matrix with l's 
on the diagonal and element bij at the position for i < j satisfying some 

extra conditions for the orthogonality. In particular we have that 6^5 = and 
&3.4 + ^5.6 = 0. Solving (|1.9[) by Maple, we get the following expression for the 
primitive characteristic integrals of the D4 Toda field theory. 

Il = -(« 2 + V 2 + Z 2 + W 2 - Ul 2 - Vl 2 - Zl 2 - Wl 2 + UlVl + ZlVl + WlVl) 

h = u 4 + v 4 + 2 W4 + z 2 vi 2 + 3 w 2 v 2 - w 2 vi 2 + w 1 2 v 2 + v 2 z 2 



v 2 zi 2 + 2 v 2 u 2 - z 2 u 2 - w 2 ui 2 + z 2 u 2 + V 3 Ul 
2 U3U1 + 2 i>3U>i — w\ 2 u 2 + w 2 u 2 — 4 w 2 2 — 2 v 2 2 

2 U 2 2 + Zl 2 U 2 + W 2 WlUl — ZxVlU 2 + WlVlU 2 

z 2 V\U\ — 2 v\W\V 2 + 2 ^2^1^! + 2 ZiViv 2 — 2 v\Z\z 2 



U 3 V! 
2„ 



2 v 1V3 + V1Z3 — 4 W1W3 + V1W3 — z\ 2 ui 2 + w\ 2 u\ 2 



— Wl V1U1 — Z\V\ Ul 
I3 = 2 U4 + V4 + W4 + wi 2 ui 2 



W\V\Ui 2 + Z\ 2 V\Ul + Z\V\Ul 2 + WlVl 2 Ul 



2 V1V3 + V1Z3 — 2 W1W3 + V1W3 



+ u 3 vi + 3 v 2 u 2 - w 2 u\ + w 2 u 2 + 2 V3U1 - 4 U3U1 + V3W1 



w\ 2 u 2 + v 2 z 2 - v 2 z 2 



z 2 v 2 + 2w 2 v 2 - 2v 2 2 



4u 2 2 



2w 2 — Wi V1U1 + W1V1 ui + 2 z\V\v 2 — 2 v\Z\z 2 + w 1 u 1 u 2 
2 



vi 2 u 2 + z 2 w 2 — Z\ 2 Wi 2 + v 2 u 2 



+ W 2 VlUl — WlVlUl 
+ Z 2 W\ 2 + Zl 2 VlW\ — V\ 2 ZlWl + W\ 2 V\Zl 

+ 2 Viu 2 u\ — 2 v 2 viU\ 



Z 2 V\W\ 



z 2 w 2 

W 2 V\Z\ 



-Uq 



Vq — w 6 + a lot of other terms which we omit 
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Actually the usual Pfaffian of e + u, which is the product of the first 4 diagonal 
entries, is contained in the characteristic integral 1% as the last terms involving only 
partial derivatives of the first order. 



Remark 4.3. In [BFO + 90 , there is a procedure to apply an integration step in 
using the first fundamental representation (|4.1|) of D n to get an analogous formula 
to Theorem 11.131 That integration step will cause us to lose one characteristic 
integral, which in the case of D4 is exactly the above I2 corresponding to the 
Pfaffian. 
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